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REPRESENTATION OF DATA 

TYPES OF VARIABLES 

 

DISCRETE DATA 
 

In a survey of 1 square meter pieces of land in a field, the number of snails in each of 30 pieces was 

recorded as follows:  

 
This is an example of discrete raw data 

 

FREQUENCY DISTRIBUTION FOR DISCRETE DATA 
 

To illustrate the data more concisely count the number of times each value occurs and summarize 

these in a table, known as a frequency distribution  

 

 
The frequency distribution can be represented diagrammatically by a vertical line graph or a bar 

chart. The height of the line or bar represents the frequency.  
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CONTINUOUS DATA 
 

The following data were obtained in a survey of the heights of 20 children in a sports club. Each height 

was measured to the nearest centimeter.  

 

 
 

This is an example of continuous raw data.  

 

FREQUENCY DISTRIBUTION FOR CONTINUOUS DATA 
 

To form a frequency distribution of the heights of the 20 children, group the information into classes 

or intervals. Here are three different ways of writing the same set of intervals.  

 
The values 119.5, 124.5, 129.5, … are called the class boundaries or the interval boundaries. The 

upper-class boundary (u.c.b.) of one interval is the lower-class boundary (l.c.b) of the next interval.  

STEM AND LEAF DIAGRAMS 
A very useful way of grouping data into classes while still retaining the original data is to draw a stem 
and leaf diagram, also known as a stem plot.  

These are the marks of 20 students in an assignment: 
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Example 1.1 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

Example 1.2 
Look at this stem and leaf diagram and for each of the three keys provided, give 

a. The value ringed, 

b. The width of the interval containing the ringed value 
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BACK-TO-BACK STEM PLOTS  
Stem and leaf diagrams can be used to compare two samples by showing the results together on a 
back-to-back stem plot.  

Example 1.3 

Use a stem and leaf diagram to compare the examination marks in French and English for a class of 
20 pupils 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

WAYS OF GROUPING CONTINUOUS DATA 
The following frequency distributions show some of the ways that data can be grouped. The 

information is more concise than the raw data, but the disadvantage is that the original information 

has been lost. 

(i) Frequency distribution to show the lengths, to the nearest millimeter, of 30 rods 
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(ii) Frequency distributions to show the lengths the marks in a test of 10 students 

 

 
 

 

 

(iii) Frequency distribution to show the lengths the marks in a test of 10 students  

 

 
 

 

 

(iv) Frequency distribution to show the masses of 40 packages brought to a particular counter at 

a post office  

 

 
 

(v) Frequency distribution to show the speeds of 50 cars passing a checkpoint 

 

 
 

(vi) Frequency distribution to show ages (in completed years) of applicants for a teaching post 

 

WIDTH OF AN INTERVAL 
The width of an interval is the difference between the boundaries 

Width of an interval = upper class boundary – lower class boundary 
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HISTOGRAMS 
Grouped data can be displayed in a histogram as in the following diagram 
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Example 1.4 
  The grouped frequency distribution records the masses, to the nearest gram, of 84 letters delivered 

by the postman.  

 

 
Draw a histogram to illustrate these data. 
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Example 1.5 
 These are the examination marks for a group of 120 first year statistics students. 

 

 

 
 

 

 

 

 

 

Salm
an

 Faro
oq



 

 P a g e  | 10 Compiled by Salman Farooq 

FINDING THE FREQUENCIES FROM A HISTOGRAM 
 

To find the frequency in each interval, use 

Frequency = interval width x frequency density 

  

Example 1.6 
A Passengers’ Association conducted a survey on the punctuality of trains using a particular station.  

The histogram illustrates the results. 

 

(a) Construct the frequency distribution. 

(b) How many trains were there in the survey?  

 
 

 

 

 

FREQUENCY POLYGONS  
 

A grouped frequency distribution can be displayed as a frequency polygon. 

 

To construct a frequency polygon, for each interval plot frequency density against the mid-interval 

value, where 

Mid interval value = 
1

2
 (lower class boundary + upper class boundary) 
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Then join the points with straight lines. 

Example 1.7 
Draw a frequency polygon to illustrate this frequency distribution which gives the times taken by 31 

competitors to complete a cross-country run. 
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COMPARATIVE FREQUENCY POLYGONS  
 

Frequency polygons are very useful when comparing sets of data. 

 

Example 1.8 
Draw frequency polygons to compare the age distribution of the teachers in two sixth form colleges: 

 
Solution:  
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THE SHAPE OF DISTRIBUTIONS 
If distributions represented by a vertical line graph or a histogram are illustrated using a frequency 

curve, it is easier to see the general ‘shape’ of the distribution.  

 

a) Positive skew.  

 
In a positive skewed distribution, there is a long tail at the positive end of the distribution. 

A positively skewed distribution could occur when considering, for example, 

 The number of children in a family, 

 The age at which women marry 

 the distribution of wages in a firm. 

 

b) Negative skew. 

 
In a negatively skewed distribution, there is a long tail at the negative end of the distribution.  

A negatively skewed distribution could occur when considering, for example,  

 reaction times for an experiment 

 daily maximum temperatures  

 

c)The normal distribution  

 

 
 This symmetrical, bell-shaped distribution is known as a normal distribution. An approximately 

normal distribution occurs when measuring quantities such as heights, masses, examination marks.  
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CIRCULAR DIAGRAMS OF PIE CHARTS   
 

Pie charts are so called because they look like an apple pie! The areas of the slices or sectors of the 

pie are in proportion to the quantities being represented. 

  

Example 1.9 
The pie chart, which is not drawn to scale, shows the 

distribution of various types of land and water in a certain 

county. Calculate 

(a) The area of woodland, 

(b) The angle of the urban sector, 

(c) The total area of the county. 
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INTERPRETATION OF DATA 

THE MODAL CLASS 
 

The highest bar in the histogram represents the interval 40 < x < 50, This is the modal class. Notice 

that in the table this interval does not have the greatest frequency, but it does have the greatest 

frequency density.  

 

In a grouped frequency distribution, the modal class is the interval with the greatest frequency 

density, i.e. the interval represented by the highest bar in the histogram. 

THE MEAN 
A typical or average value is useful when interpreting data. One such average is the mean. 

Consider the five number 

     

0.9, 1.4, 2.8, 3.1, 5.6. 

Example 1.10 

 To obtain Grade A, Ben must achieve an average of at least 70 in five tests. If his average mark for 

the first four test is 68, what is the lowest mark he can get in his fifth test and still obtain Grade A? 

 

 

 

 
 

 

Example 1.11 

 The speeds, to the nearest mile per hour, of 120 vehicles passing a check point were recorded and 

are grouped in the table below. 

 
 Estimate the mean of this distribution. 
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VARIABILITY OF DATEA 
 Each of these sets of number has a mean of 7 but the spread of each is set is different 

(a) 7,7,7,7,7 

(b) 4,6, 6.5, 7.2, 11.3 

(c) −193, −46, 28, 69, 177 

 

 

The range 
 The range is based entirely on the extreme values of the distribution. 

Range = highest value – lowest value 

 

THE STANDARD DEVIATION, 𝑠, AND THE VARIANCE, 𝑠2 
 

Examples 1.12 

Two machines, A and B, are used to pack biscuits. A random sample of ten packets was taken from 

each machine and the mass of each packet was measured to the nearest gram and noted. Find the 

standard deviation of the masses of the packets taken in the sample from each machine, Comment on 

your answer. 

 

 

Example 1.13 

 The mean of the five numbers 2,3,5,6,8 is 4.8. Calculate the standard deviation.  

 

 

Example 1.24 

Consider again the data ,which shows the number of children in 20 families. The mean is 2.9. 
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 Example 1.14 
(a) Cartons of orange juice are advertised as containing 1 litre. A random sample of 100 cartons gave 

the following results for the volume, x. 

 ∑ 𝑥 = 101.4, ∑ 𝑥2 = 102.83  

Calculate the mean and the standard deviation of the volume of orange juice in these 100 cartons. 

 

(b) A machine is supposed to cut lengths of rod 50 cm long, 

A sample of 20 rods gave the following results for the length, x. 

   ∑ 𝑓𝑥 = 997, ∑ 𝑓𝑥2 = 49711  

(i) Calculate the mean length of the 20 rods. 

(ii) Calculate the variance of the lengths of the 20 rods.  

 

CALCULATIONS INVOLVING THE MEAN AND THE STANDARD DEVIATION  

Example 1.15 
(a) Calculate the mean and the standard deviation of the four numbers 2,3,6,9. 

(b) Two numbers, a and b, are to be added to this set of four numbers, such that the mean is 

increased by 1 and the variance is increased by 2.5. Find a and b. 

 

 Example 1.16 
N13/62/Q4 
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Example 1.17 
J14/62/Q6 
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COMBINING SETS OF DATA  

Example 1.18 

The number of errors, x, on each of 200 pages of typescript was monitored. The results when 

summarized showed that  

 ∑ 𝑥 = 920     ∑ 𝑥2 = 5032   

  

(a) Calculate the mean and the standard deviation of the number of errors per page. A further 50 

pages were monitored it was found that the mean was 4.4 errors and the standard deviation was 

2.2 errors.  

(b)  Find the mean and the standard deviation of the number of errors per page for the 250 pages. 

 

Example 1.19 

 

Example 1.20 

Three statistics students, Ali, Les and Sam, spent the day fishing. They caught three different types of 

fish and recorded the type and mass (correct to the nearest 0.01kg) of each fish caught, At 4pm, they 

summarized the results as follows.  

 
 

(a) State how it may be deduced from the data that the mass of each fish caught by Sam was 1.00kg. 

(b) The winner was the person who had caught the greatest total mass of fish by 4pm. Determine 

who was the winner, showing your working. 

(c) Before leaving the waterside, Sam catches one more fish and weighs it. He then announces that, 

if this extra fish is included with the other two fish he caught, the standard deviation is 1.00kg. 

Find the mass of this extra fish. 
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USING A METHOD OF CODING TO FIND THE MEAN AND STANDARD 
DEVIATION  

 

 

Example 1.21 

Salt is packed in bags which the manufacturer claims contains 25kg each. Eighty bags are examined 

and the mass, x kg, of each is found. The results are ∑(𝑥 − 25) = 27.2 , ∑(𝑥 − 25)2 = 85.1 . Find the 

mean and the standard deviation of the masses. 

 

Example 1.22 

 
 

Example 1.23 
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Example 1.24 - 61/J13/2 

 

Example 1.25 - 63/N14/2 

 
 

CUMULATIVE FREQUENCY 
 

The cumulative frequency is the total frequency up to a particular item. A cumulative frequency 

distribution can be obtained from a frequency distribution and can be illustrated,  

 

Cumulative frequency curves for grouped data  
Consider this situation: 

 Six weeks after planting, the heights of 30 broad bean plants were measured and the frequency 
distribution formed as shown. 

 

The cumulative frequency is calculated up to each upper class boundary 

This can be shown diagrammatically in a cumulative frequency graph. 

 

The cumulative frequency is plotted against the upper class boundaries and the points are joined as 

follows:  

(i) for a cumulative frequency polygon, Salm
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  join the points with straight lines, indicating that you are assuming that the readings are 

evenly distributed throughout the interval. This ties in with the fact that you draw 

horizontal lines at the tops of the blocks in a histogram. 

(ii) for a cumulative frequency curve, 

 join the points with a smooth curve, in this case you are assuming a distribution of 

readings throughout the interval which not be even. 
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Example 1.26 
 A survey is carried out to determine the numbers of pupils in various age group who are attending 

nurseries, schools and colleges within a certain area. The results are summaries in the following 

histogram.  

 
a) Copy and complete the following table showing the ages of the pupils and the corresponding 

cumulative frequencies. 

 

Age in years up to 3 5 7 11 16 18 

Cumulative frequency 0     5600 

 

b) Draw a cumulative frequency diagram for the distribution. 

c) Use your cumulative frequency diagram to estimate the age exceeded by 30% of the pupils in the 

survey. 
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Example 1.27 
  Students were asked how long it took them to travel to college on a particular morning. A cumulative 
frequency distribution was formed:  

Time taken (minutes) Cumulative frequency 
<5 28 

<10 45 
<15 81 
<20 143 
<25 280 
<30 349 
<35 374 
<40 395 
<45 400 

 

a) Draw a cumulative frequency polygon. 
b) Estimate how many students took less than 18 minutes. 
c) Taking equal class intervals of 0- ,5- 10-, …., construct a frequency distribution and draw a 

histogram. 

MEDIANS, QUARTILES AND PERCENTAGES 
 

Ungrouped data – median 

For ungrouped data consisting of n observations in order of size, the median is the 
𝟏

𝟐
(𝒏 + 𝟏)𝒕𝒉 

observation. 

 

(a) Consider this set of numbers 7, 7, 2, 3, 4, 2, 7, 9, 31.  

 

(b) Consider this set of numbers: 36, 41, 27, 32, 29, 39, 39, 43. 

 

Note that  

 If there is an odd number of observations, the median is the middle value, 

 If there is an even number of observations, there are two middle values. If these are c and d, 

the median is halfway between them, i.e. 
1

2
(𝑐 + 𝑑)    
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Example 1.28 

A reaction time experiment was performed first with 21 girls and then with 24 boys, The results are 

shown on the stem and leaf diagram.  

 

 
 

Find the median and the interquartile range for both sets of reaction times. Comment on your 

answers. 

 

Example 1.29 
N12/61/Q4 

 

Ungrouped data in a frequency distribution – median and quartiles 
To find the median and the quartiles of data in the form of an ungrouped frequency distribution, it is 

useful to find the cumulative frequency as thus gives the total frequency up to a particular item. 

  

Example 1.30 
The table shows the number of children in the family for 35 families in a certain area. Find the median 

number of children per family, and the interquartile range. 
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Grouped Data – Median and Quartiles 
When data have been grouped into intervals, the original information has been lost, so it is only 
possible to make estimates of the median and quartiles. One way of doing this is to use a cumulative 
frequency graph, or cumulative percentage frequency graph as follows:  

 

 

Example 1.31  

The table gives the cumulative distribution of the heights (in centimeters) of 400 children in a certain 

school: 

 
a) Draw a cumulative frequency curve. 

b) Find an estimate of the median height, 

c) Determine the interquartile range. 
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SKEWNESS 
 

Example 1.32 
Examinations in English, Mathematics and Science were taken by 400 students. Each examination 

was marked out of 100 and the cumulative frequency graphs illustrating the results are shown below. 

 

 
 

(a) In which subject was the median mark the highest? 

(b) In which subject was the interquartile range of the marks the greatest? 

(c) In which subject did approximately 75% of the students score 50 marks or more? 
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BOX AND WHISKERS PLOT 
  

The box and whisker diagram, or box plot, illustrates the dispersion, or spread of the distribution. It 

uses the highest and lowest values of data, the quartiles (Q1 and Q3) and the median (Q2). For 

example: 

 
 

Example 1.33 

 A class of pupils played a computer game which tested how quickly they reacted to a visual 

instruction to press a particular key. The computer measured their reaction times in tenths of a 

second and stored a record of the gender and reaction time of each pupil. Finally it displayed the 

following summary statistics for the whole class.  

 
 

(a) Draw two box plots suitable for comparing the reaction times of boys and girls. 

(b) Write a brief comparison of the performance of boys and girls in this game. 
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Example 1.34 
 

A group of children carry out a survey of the numbers of sweets in each of 50 packets. Their results 

are shown in the following stem and leaf diagram.  

 

20 4 6 6 7 7 7 7 8 8 9 9 9 9   

30 0 0 0 0 0 1 1 2 2 2 3 3 4 4 4 

30 5 5 5 6 6 7 7 7 8 8 8 8 8 9 9 

40 0 0 1 1 2 4 4         

 

Key: 20 | 4 means 24 sweets in a packet 

 

(a) Calculate the median and the quartiles of this distribution.  

(b) Draw a box plot for the distribution. 
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COMPARING DISTRIUTIONS 
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 Example 1.35 

A group of athletes frequently run round a cross-country course in training. The box and whisker 

plots below represent the times taken by athletes A, B, C and D to complete the course. 

 
 

(a) Compare the times taken by athletes C and D.  

 

Assume that the distributions shown above are representative of the times the athletes would take 

in a take in a race over the same course. 

(b) Which of the athletes A or B would you choose of you were asked to select one of them to win a 

race against 

(i) C 

(ii) D? 

Give a reason for each answer. 

(c)  Which athlete would be most likely to win a race between A and B?  

 

Example 1.36 

A class of 31 recorded the maximum daily temperature for the month of July with the following 

results. The median and quartiles are shown on the stem and leaf diagram,  

 
(a) by using the values of the quartiles and illustrating your results on a boxplot, 

(b) by using the mean and the standard deviation. 
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Example 1.37 

The time 𝑡 (in seconds) taken by an athlete to run 400 meters on ten successive days were 

53.2 , 55.7, 54.2 , 52.7, 59.3, 53.8. 

(If required, you may use ∑ 𝑡 = 547.0, ∑ 𝑡2 = 29957.48. )    

(a) Calculate the mean of the times. 

(b) Calculate the standard deviation of the times. 

(c) Determine the median of the times. 

 

Example 1.38 

Applicants for an assembly job are required to take a test of manual dexterity. The times, in seconds, 

taken to complete the task by 19 applicants were as follows: 

63, 229, 165, 77, 49, 74, 67, 59, 66,102,81, 72, 59, 74, 61, 82, 48, 70, 86. 

For these data find  

(a) the median, 

(b) the upper quartile and lower quartiles. 

 
(c) Identify any outliers in the data. 

(d) Illustrate the data by a box and whisker plot. Outliers, if any, should each be denoted by a ‘*’ and 

should not be included in the whiskers.  
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Example 1.39 
N11/63/Q5 
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GRAPH PAPER 
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HOMEWORK: REPRESENTATION OF DATA– VARIANT 62 
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29 

 

 

 

N09/62/Q6 

30 

 

 

 

N10/62/Q2 

31 
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32 

 

 
 

J06/Q6 

33 

 

 
 

J11/62/Q3 

34 

 

 
 

J11/62/Q5 

35 
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36 

 

  J12/62/Q4 

37 

 

 
 

J13/62/Q2 
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  J14/62/Q6 
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  J15/62/Q2 
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45 
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46 
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HOMEWORK:REPRESENTATION OF DATA VARIANT 61 AND 63 

1 

 

 

Answer: a) 5.5-7.0      b)  

61/J15/2  

2 

 

 Answer: i) 5.83 ii) 1.46 61/J15/5 
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3 

 

 Answer: ii) 21.4% iii)41.5  63/J15/6 

4 

 

 

Answer: i) 4.5, 6 ii)  

61/N15/3 

5 
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 Answer: i)75.1, 2.78 61/N15/4 

6 

 

 Answer: 0.543 63/N15/1 

7 

 

 

Answer: i) ii) 12.2 

63/N15/6 

8 

 

 Answer: i) 11.5 ii) 75.13 63/N14/2 Salm
an

 Faro
oq
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9 

 

 Answer:  63/N14/4 

10 

 

 Answer: ii) 22.5 iii) 6.01 62/N14/6 

11 

 

 Answer: 2.7 and 27.8 61/N14/1 
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12 

 

 Answer: M=0.5, LQ= 0.41 UQ=0.79 iii) smartphone B is quicker, slightly less variable  

12

a 

 

 Answer: ii) Spread and symmetry statements 63/J14/1 
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13 

 

 Answer: i) 1.73 ii) 835000,4.16 63/J14/4 

14 

 

 Answer: ii) 40.2 iii) LQ in 6-20 UQ in 61-80 Least IQ=41 61/J14/7 

15 
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Give two reasons why this is not a correct histogram 

  63/N13/1 

16 

 

 Answer: i) 163 ii)20 63/N13/4 

17 

 

 Answer: 26 and 257 61/N13/3 Salm
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18 

 

 Answer: ii) Above 945 iii) Doesn’t allow all data items 61/N13/4 

19 

 

 Answer: ii) 67.2 iii) 67.2, 11.3 63/J13/6 

20 

 

 Answer: i) 2.1 ii) 78.2 61/J13/1 Salm
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21 

 

 Answer: i) M=22700, LQ=21700 UQ= 240000 61/J13/3 

22 

 

 Answer: i) 11.4 63/N12/4 

23 

 

 Answer: 804, 27011.76 61/N12/2 Salm
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24 

 

 Answer: ii) 15400 iii) 0.121 61/N12/4 

25 

 

 Answer: i) Stem & Leaf ii) Hist. Box & Whisk, CF 63/J12/1 

26 

 

 Answer: i) 15 ii) 153.6 63/J12/2 
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27 

 

 Answer: ii) 0.74, 0.13 iii) 0.927, .0882 61/J12/5 

28 
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 Answer: iii a) 42500 b) -1.5 lower outlier 63/N11/5 

29 

 

 

 Answer: i) 9.11 ii) 35412 61/N11/2 

30 

 

 

 Answer: ii) History more spread than physics 61/N11/4 Salm
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31 

 

 Answer: i) 4.02 ii) 2.19 63/J11/1 

32 

 

 Answer: ii) 91 iii) 37.6 63/J11/3 

33 

 Salm
an

 Faro
oq



 

 P a g e  | 94 Compiled by Salman Farooq 

 Answer: i) Median = 270 ii) 160 iii) 500 iv) 268  61/J11/6 

34 

 

 Answer: i) 63.5 ii) 945 iii) 20623 63/N10/4 

35 
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Answer: i) ii) 7.55 iii) 0.429 

63/N10/5 

36 

 

 Answer: 18.2 , 4.19 61/N10/1 

37 

 

 Answer: i) 0.75 ii) 26.6 61/N10/4 

38 

 

 Answer: i) 126.5 ii) 4908.5 63/J10/2 
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39 

 

 

 

 Answer: i) 0.825 0.019 ii) 0.824, 0.852  63/J10/6 

40 

 

 Answer: ii) 19, 10, 24, 14 iii) median because mode could be any number occuring twice 61/J10/2 Salm
an

 Faro
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41 

 

 Answer: i) s.d=0 ii) 1.03 61/J10/4 

42 

 

 
 

J16/61/Q7 
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  N17/61/Q2 
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N17/63/Q5 
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  N18/61/Q6 
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PROBABILITY 

 

THE COMPLEMENTARY EVENT A’ 

 

Example 2.1 
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ADDITION LAW OF PROBABILITIES 

 

Example 2.2 

Events C and D are such that P(C) = 
19

30
, 𝑃(𝐷) =  

2

5
𝑎𝑛𝑑 𝑃( 𝐶 𝑈 𝐷) =  

4

5
,  

Find P(C ∩ D).  

 

POSSIBILITY DIAGRAMS 

Example 2.3 
Two dice are thrown. The scores on the dice are added. 

i. Copy and complete this table showing all the possible outcomes.  

 

ii. What is the probability of a score of 4? 

iii. What is the most likely outcome 
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Example 2.4 

 

TREE DIAGRAMS 

Example 2.5 

 

Example 2.6 

 

Example 2.7 
Ruth drives her car to work – provided she can get it to start! When she remembers to put the car in 
the garage the night before, it starts next morning with a probability of 0.95. When she forgets to put 
the car away, it starts next morning with a probability of 0.75. She remembers to put her car in the 
garage 90% of the time.  

What is the probability that Ruth driver her car to work on a randomly chosen day? 

Example 2.8 
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Example 2.9 

 

Example 2.10 

 

EXCLUSIVE (OR MUTUALLY EXCLUSIVE) EVENTS 

Example 2.11 

In a race in which there are no dead heats, the probability that John wins is 0.3, the probability that 

Paul win is 0.2 and the probability that Mark wins is 0.4.  

Find the probability that 

(a) John or Mark wins, 

(b) John or Paul or Mark wins, 

(c) someone else wins. 

 

Example 2.12 

A card is drawn from an ordinary pack of 52 playing cards. Find the probability that the card is 

(a) a club or a diamond 

(b) a club or a King. 

 

 

INDEPENDENT EVENTS  
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Example 2.13 

Events A and B are independent and P(A)= 
1

3
 , P ( A ∩ B) = 

1

12
 

Find (a) P(B)  (b) P (A ∪ B) 

 

Example 2.14 

The events A and B are such that  

P(A) = 0.45, P(B) = 0.35 and P(A U B) = 0.7 

(a) Find the value of P(A  ∩ B) 

(b) Explain why the events A and B are not independent, 

Example 2.15 

Two ordinary fair dice, one red and one blue are to be rolled once. 

(a) Find the probabilities of the following events: 

Event A: the number showing on the red die will be a 5 or a 6 

Event B: the total of the numbers showing on the two dice will be 7, 

Event C: the total of the numbers showing the two dice will be 8. 

(b) State, with a reason, which two of the events A, B and C are mutually exclusive. 

(c) Show that the events A and B are independent.  

Example 2.16 
N13/62/Q7 

 
 

CONDITIONAL PROBABILITY 

Example 2.17 
A company is worried about the high turnover of its employees and decides to investigate whether 
they are more likely to stay if they are given training. On 1 January one year the company employed 
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256 people (excluding those about to retire). During the year a record was kept of who received 
training as well as who left the company. The results are summarized in this table.  

 

i. Find the probability that a randomly selected employee 
a. Received training 
b. Received training and did not leave the company. 

ii. Are the events T and S independent? 
iii. Find the probabiltiy that a randomly selected employee 

a. Did not leave the company, given that the person had received training 
b. Did not leave the company, given that the person had not received training. 

Example 2.18 

 

 

Example 2.19 
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Example 2.20 

X and Y are two events such that P(X|Y) = 0.4, P(Y) = 0.25 and P(X) = 0.2 

Find 

(a) P (Y|X)         (b) P(X ∩ Y)       (c) P(X U Y)  

 

   

Example 2.21 

 

 

 

Example 2.22 

When a person needs a minicab, it is hired from one of three firms, X Y and Z. Of the hirings 40% are 

from, X, 50% are from Y and 10% are from Z. For cabs hired from X, 9% arrive late, the corresponding 

percentages for cabs hired from firms Y and Z being 6% and 20% respectively. Calculate the 

probability that the next cab hired 

(a) will be from X and will not arrive late, 

(b) will arrive late. 

(c) Given that a call is made for a minicab and that it arrives late, find, to three decimal places, the 

probability that it came from Y. 

 

Example 2.23 

 
Salm

an
 Faro

oq



 

 P a g e  | 111 Compiled by Salman Farooq 

Example 2.24 

A die is biased so that, when it is rolled, the probability of obtaining a score of 6 is 
1

4
 . The probabilities 

of obtaining each of the other five scores 1,2,3,4,5 are all equal. 

 

(a)  Calculate the probability of obtaining a score of five with this biased die. 

 

(b) The biased die and an unbiased die are now rolled together. Calculate the probability that the                                     

total score is 11 or more. 

 

(c) The two dice are rolled again. Given that the total score is 11 or more, calculate the probability 

that the score on the biased die is 6. 

 

Example 2.25 

A factory has three machines A, B, C producing large numbers of a certain item. Of the total daily item, 

50% are produced on A, 30% on B and 20% on C.  

 

Records show that 2% of item produced on A are defective, 3% of items produced on B are defective 

and 4% of items produced on C are defective. The occurrence of a defective item is independent of all 

other items. 

 

One item is chosen at random from a day’s total output. 

(a) Show that the probability of its being defective 0.027. 

(b) Given that it is defective, find the probability that it was produced on machine A. 

 

Example 2.26 
N13/62/Q2 
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HOMEWORK:PROBABILITY– VARIANT 62 
1 

 

 

 

J03/Q6 
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3 

 

 

 

J04/Q6 

4 
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5 

 

 
 

J07/Q2 

6 

 

 

 

J08/Q2 
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8 

 

 

 

 

J10/62/Q5 

9 

 

 

 

N02/Q2 

10 

 

 

 

N02/Q5 

11 
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N03/Q4 
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N04/Q3 

13 

 

  N05/Q2 

14 

 

 

 

N06/Q4 

15 

 

 

 

N08/Q6 
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16 

 

 

 

N09/62/Q3 
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N10/62/Q3 

18 

 

  N03/Q5 
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  J12/62/Q6 
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  J14/62/Q3 
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J15/62/Q4 
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N12/62/Q1 
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N14/62/Q4 
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HOMEWORK:PROBABILITY VARIANT 61 AND 63 

1 

 

 Answer: i) Independent ii) mutually exclusive 61/J15/Q3 

2 

 

 Answer: i) 0.15 ii) 0.427 61/J15/4 
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3 

 

 

Answer: i)  ii)5/6 

63/J15/2 

4 

 

 

Answer:  

61/N15/6 

5 

 

 Answer: i) 2/9 ii)4/243 61/N15/7 
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6 

 

 Answer: i) 5/7 ii)7/20 ii) 0.510  

7 

 

 Answer: i) Not independent ii)Not exclusive 63/N15/3 

8 

 

 Answer: Diagram 62/N14/4 

9 

 

 Answer: 1/5 61/N14/3 Salm
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10 

 

 Answer: i) 0.49, ii) 0.784 63/J14/6 

11 

 

 Answer: i) 0.184, ii) 1/7 61/J14/5 

12 

 

 Answer: 0.607 61/N13/2 Salm
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13 

 

 Answer: Independent 63/J13/1 

14 

 

 Answer: i) 0.632 ii) 8 63/J13/5 

15 
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Answer:  iv) 0.213 

61/J13/7 

16 

 

 Answer: i) 0.435 ii) 0.396 iii) Exclusive iv) 0.431 63/N12/3 Salm
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17 

 

 Answer: ii) 0.05 iii) 0.5 iv) 0.25 v)  63/J12/5 

18 

 

 Answer: ii) 0.785 61/J12/2 Salm
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19 

 

 Answer: i) 0.833 ii) not independent 63/N11/2 

20 

 

 Answer: i) 3.4, 0.64 ii) 0.32 iii) 0.384  63/N11/3 

21 

 

 Answer: i) 0.336 ii) 0.106 iii) not independent 61/N11/7 

22 
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 Answer: ia) 1/36 b) 5/36 ii) None are independent 63/J11/4 

23 

 

 Answer: 0.921 61/J11/2 

24 

 

 Answer: 0.393 61/J11/7 

25 

 

 

Answer: ii) 0.842 

63/N10/3 
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26 

 

 

 Answer: i) 0.0762 ii) 0.0571 61/N10/5 

27 

 

 Answer: 0.176 63/J10/1 
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28 

 

 Answer: ii) 0.781 iii) 0.372 61/J10/7 
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J16/63/Q1 
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33 
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N16/63/Q4 
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N17/63/Q3 
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PROBABILITY DISTRIBUTIONS  
 

 

 
 

Example 3.1 

 
 

Example 3.2 
A box contains six black pens and four red pens. Three pens are taken at random from the box. 

i. By considering the selection of pens without replacement, illustrate the various outcomes on a 

probability tree diagram 

ii. The random variable X represents the number of red pens obtained. Find the probability 

distribution of X. 

Example 3.3 
A vegetable basket contains 12 peppers, of which 3 are red, 4 are green and 5 are yellow. Three 

peppers are taken, at random and without replacement, from the basket.  

i. Find the probability that the three peppers are all different colours.  

ii. Show that the probability that exactly 2 of the peppers taken are green is 
12

55
 

iii. The number of green peppers taken is denoted by the discrete random variable X. Draw 

up a probability distribution table for X.  

 

Example 3.4 

 

Salm
an

 Faro
oq



 

 P a g e  | 139 Compiled by Salman Farooq 

Example 3.5 
N13/62/Q7 

 

Example 3.6 
N12/61/Q1 

 

EXPECTATION E(X) AND STANDARD DEVIATION OF X, E(X) 
E(X) is read as ‘E of X’ and it gives an average or typical value of X, known as the expected value or 

expectation of X. This comparable with the mean in descriptive statistics.  

 

The expectation or expected mean can be thought of as the average value when the number of 

experiments increases indefinitely. 

In a statistical experiment  

 A practical approach results in frequency distribution and a mean value, 

 A theoretical approach results in a probability distribution and an expected value, known as 

the expectation. 

Example 3.7  

A random variable X has probability distribution and an expected value known as the expectation. 

 

 

 

Example 3.8 
Birds of a particular species lay either 0, 1, 2 or 3 eggs in their nests with probabilities as shown in 

the table 

 
Find 

i. the value of k 

ii. the expected number of eggs laid in a nest 

iii. the standard deviation of the number of eggs laid in a nest 
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Example 3.9 
The probability distribution of the discrete random variable X is shown in the table below 

 
Given that E(X)=0.75, find the values of 𝑎 and 𝑏 

 

Example 3.10 
Every day Eduardo tries to phone his friend. Every time he phones there is a 50% chance that his 

friend will answer. If his friend answers, Eduardo does not phone again on that day. If his friend does 

not answer, Eduardo tries again in a few minutes’ time. If his friend has not answered after 4 

attempts, Eduardo does not try again on that day.  

i. Draw a tree diagram to illustrate this situation. 

ii. Let X be the number of unanswered phone calls made by Eduardo on a day. Copy and complete the 

table showing the probability distribution of X. 

 
iii. Calculate the expected number of unanswered phone calls on a day.  

 

Example 3.11 
J14/62/Q4 
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HOMEWORK:DISCRETE RANDOM VARIABLE– VARIANT 62 

1 
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4 

 

 

 

J07/Q7 
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J08/Q6 
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6 
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N03/Q8 
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N05/Q6 
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16 

 

 

 

N10/62/Q1 
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27 
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HOMEWORK:DISCRETE RANDOM VARIABLE VARIANT 61 AND 63 

1 

 

 

Answer i) 0.5 ii) iii)1.33 

63/J15/4  

Salm
an

 Faro
oq



 

 P a g e  | 152 Compiled by Salman Farooq 

2 

 

 Answer: i) ii)0.4, 0.144, 0.216 61/N15/6 

3 

 

 

Answer: ii) iii) 0.333 

63/N14/7 
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4 

 

 

Answer: ii)  

62/N14/4 

5 

 

 Answer: i) 0.12 ii) 1 iii) 0.41 61/N14/2 

6 

 

 

Answer:  

63/J14/3 Salm
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7 

 

 

Answer: ii) iii) 0.429 

61/J14/4 

8 

 

 

Answer: i) 0.278 ii) 0.5 iii) 0.375 iv)  

63/N13/7 
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9 

 

 

Answer: iii) iv) Yes 

61/N13/7 

10 

 

 Answer: 0.033, 0.4, 0.167 63/N12/2 

11 

 

 

Answer:  

61/N12/1 Salm
an

 Faro
oq



 

 P a g e  | 156 Compiled by Salman Farooq 

12 

 

 Answer: i) 0.264 ii) 2830 61/N12/5 

13 

 

 

Answer: i) 1.83 , 0.898  iii) 5.33 

63/J12/4 

14 

 

 Answer : i) 0.1 ii) 0.225 iii) 0.765 61/J12/3 
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15 

 

 Answer: ii) 15/28 61/N11/3 

16 

 

 Answer: i) 10 ii) 11 iii) 0.115 63/J11/6 

17 

 

 Answer: i) 0.486 ii) 5.33 iii) 1 61/J11/3 

18 

 

 

Answer:  ii) 3.67 
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Answer: iii) 13/7 and 2.78 iv) 0.4 

63/J10/5 
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 Answer: i) 1/3 iii) 4.02 iv) 0.0741 v) 1/6  61/N10/7 

21 

 

 Answer: 0.2, 0.25 61/J10/1 

22 
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N18/63/Q2 

 

THE BINOMIAL DISTRIBUTION 
Conditions for a binomial model  

 

For a situation to be described using a binomial model, 

 

 A finite number, n, trials are carried out, 

 The trials are independent, 

 The outcome of each trial is deemed either a success or a failure, 

 The probability, p, of a successful outcome is the same for each trial.  

 

The discrete random variable, X , is the number of successful outcomes in n trials. 
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Example 4.1 

At a Supermarket, 60% of customers pay by credit card. Find the probability that in a randomly 

selected sample of ten customers, 

(a) exactly two pay by credit card, 

(b) more than seven pay by credit card. 

 

Example 4.2 
J14/62/Q1 

 

Example 4.3 

The random variable X is distributed B (7, 0.2). Find, correct to three decimal places, 

(a) P(𝑋 = 3) 

(b) P (1 < 𝑋 < 4), 

(c) P (𝑋 > 1) 

 

Example 4.4 

 

Example 4.5 

A box contains a large number of pens. The probability that a pen is faulty is 0.1 

How many pens would you need to select to be more than 95% certain of picking at least one faulty 

one? 

 

 

 

 

EXPECTATION AND VARIANCE OF THE BIONOMIAL DISTRIBUTION 

Example 4.6 

 
 

Example 4.7 

X is 𝐵( 𝑛, 𝑝) with mean 5 and standard deviation 2. Find the values of n and p. 
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Example 4.8 

 

Example 4.9 

 

THE MODE OF BINOMIAL DISTRIBUTION  
 

The mode is the value of X that is most likely to occur. 

From the probability distribution sketches above, it can be seen that  

 When p= 0.5 and is odd, there are two modes,  

 Otherwise the distribution has one mode. 

 

The mode can be found by calculating all the probabilities and find value of X with the highest 

probability of values of X close to the mean np. 

 

Example 4.6 

The probability that a student is awarded a distinction in the Mathematics examination is 0.05. 

In a randomly selected group of students, what is the most likely number of students awarded a 

distinction? 

HOMEWORK:BINOMIAL DISTRIBUTION– VARIANT 62 
1 
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HOMEWORK:BINOMIAL DISTRIBUTION VARIANT 61 AND 63 

1 

 

 Answer: 0.781 61/N15/1 

2 

 

 Answer i) 0.722 61/J15/6 

 

  

 Answer: 0.809, 28 63/N15/7 

3 

 

 Answer: i) 12, 0.0138 ii) 0.747 63/N14/3 

4 

 

 Answer: i) 0.00309 ii) 0.0214 62/N14/3 Salm
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5 

 

 Answer: i) 0.606 62/N14/7 

6* 

 

 Answer ii) 0.887 iii) 0.216 61/N14/5 

7 

 

 Answer: constant p, given n, only two outcomes ii) 0.520 61/J14/3 

8 

 

 Answer: i) 0.352 ii) 14 63/N13/3 Salm
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9 

 

 Answer: 0.364 63/J13/2 

10 

 

 Answer: 31 63/J13/4 

11 

 

 Answer: i) 12, 0.2 ii) 0.422 iii) 21 61/J13/5 

12 

 

 Answer: i) 0.264 61/N12/5 
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 Answer: i) 0.994 ii) 0.405 61/J12/4 Salm
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14 

 

 Answer: i) 0.156 ii) 0.0854 63/N11/6 

15 

 

 Answer: 0.655 61/J11/1 

16 

 

 Answer: i) 0.806 ii) 13 61/J11/7 

17 

 

 Answer: i) 0.159 ii) 0.51 iii) 7.2 63/N10/3 

18 

 

 Answer: 0.311 61/J10/5 Salm
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THE GEOMETRIC DISTRIBUTION 
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THE MODE OF THE GEOMETRIC DISTRIBUTION 

 

Example 5.1 

 

Example 5.2 

 

Example 5.3 

 

Example 5.4 

 

Example 5.5 
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Example 5.6 

 

 

 

THE MEAN OF A GEOMETRIC DISTRBUTION 
 

 

Example 5.7 

 

Example 5.8 
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Example 5.9 

 

 

MODELLING WITH THE GEOMETRIC DISTRIBUTION 

 

Example 5.10 
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Example 5.11 
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GEOMETRIC DISTRIBUTION PAST PAPERS 

1 

 

 Answer: i) a) 0.0387 b) 0.599 ii) 20  

2 

 

 Answer: i) a) 0.0766 b) 0.652 ii) 50/7  

3 

 

 Answer: i) Geometric, Each attempt is independent ii) a) 8/81 b) 19/27  iii) 3 iv) 0.0618 Salm
an

 Faro
oq
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4 

 

 Answer: i) 2/81 ii) 26/27 iii) 3/2  

5 

 

 Answer: i) a) 5 b) 64/625 c) 256/625  

6 

 

 Answer: i) a) 49/512 b) 343/512 ii) 8 iii) 0.289  

7 

 

 Answer: i) 0.103 ii) 0.240 iii) 0.832   
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8 

 

 Answer: i) attempts at threading are independent, prop of threading constant ii) a) 0.0720 

b) 0.168 iii) likely to improve with practice hence independent unlikely 

9 

 

 Answer: i) 𝑝2 ii) (𝑞2𝑝)2    

10 

 

 Answer: i) a) 0.103 b) 0.657 ii) a) 0.123 b) 0.528  Salm
an

 Faro
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11 

 

 Answer: i) 0.128 ii) 0.312 iii) 0.4096 iv) 0.064  

12 

 

 Answer: i) V ii) Y  
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13 

 

 Answer: i) Geo (0.6) , Each voter has same probability ii) 0.0384 iii) 0.064 

14 

 

 Answer: i) a) 0.059 b) 0.4095 ii) a) 0.0951 b) 0.513  
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15 

 

 Answer: i) a) 0.0656 b) 0.59 c) 0.028 ii) a) 0.072 b) 0.0052  
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THE NORMAL DISTRIBUTION 
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STANDARDIZED SCORES 

 

 

Example 6.1 

 

STANDARD NORMAL DISTRIBUTION 
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There is a special symmetrical distribution known as the normal distribution. This is bell-shaped, 

centered around the mean. 

Here are two normal distribution with the same mean, but different standard deviations. 

 
 

Example 6.2 

 

 

 

Example 6.3 
 

(a) 𝑃(0.345 < 𝑍 < 1.751) 

(b) 𝑃(−1.41 < 𝑍 < −0.6) 

(c) 𝑃(−1.4 <   𝑍 <  −0.6) 

(d) 𝑃(|𝑍| <  1.433) 
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CALCULATING PROBABILITIES FOR THE N(𝜇, 𝜎2) DISTRBUTION 

 

 

Example 6.4 

Lengths of metal strips produced by a machine are normally distributed with mean length of 150 cm 

and a standard deviation of 10 cm. 

Find the probability that the length of a randomly selected strip is   

(a) shorter than 165 cm,  

(b) within 5 cm of the mean.  

 

Example 6.5  

The time taken by the milkman to deliver to the High Street is normally distributed with a mean of 

12 minutes and a standard deviation of 2 minutes. He delivers milk every day. Estimate the number 

of days during the year when he takes 

(a) longer than 17 minutes, 

(b) less than ten minutes. 

(c) between nine and 13 minutes. 
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USING THE STANDARD NORMAL TABLES IN REVERSE TO FIND 𝑧 WHEN Φ(𝑧) 
IS KNOWN 

 

Example 6.6 

If Z ~ N (0,1), find the value of a if 

(a) P (Z < a) = 0.9693 

(b) P (Z > a) = 0.3802 

(c) P (Z > a) = 0.7367 

(d) P (Z < a) = 0.0793 

Example 6.7 

If Z ~ N (0,1) find a such that P (|Z| < a) = 0.9 

 

 

USING THE TABLES IN REVERSE FOR ANY NORMAL VARIABLE X  

Example 6.8 

The heights of female students at a particular college are normally distributed with a mean of 169cm 

and a standard deviation of 9cm. 

(a) Given that 80% of these female students have a height less than h cm, find the value of h. 

(b) Given that 60% of these females students have a height greater than s cm, find the value of s.  

 

Example 6.9 

The marks of 500 candidates in an examination are normally distributed with a mean of 45 marks 

and a standard deviation of 20 marks. 

(a) Given that the pass mark is 41, estimates the number of candidates who passed the examination. 

(b) If 5% of the candidates obtain a distinction by scoring x marks or more, estimate the value of x. 

(c) Estimate the interquartile range of the distribution.  
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FINDING THE VALUE OF 𝜇 OR 𝜎  OR BOTH 

Example 6.10  

The lengths of certain items follow a normal distribution with mean 𝜇 cm and standard deviation 6 

cm. It is known that 4.78% of the items have length greater than 82 cm. Find the value of the mean 𝜇. 

 

Example 6.11 

X~N (100, 𝜎2) and P(X < 106 ) = 0.8849. 

Find the value of the standard deviation 𝜎. 

 

Example 6.12 

The masses of boxes of oranges are normally distributed such that 30% of them are greater than 4.00 

kg and 20% are greater than 4.53 kg. Estimate the mean and standard deviation of the masses.  

 

Example 6.13 

The speeds of cars passing a certain point on a motorway can be taken to be normally distributed. 

Observations show that of cars passing the point, 95 % are travelling at less than 85 m.p.h. and 10% 

are travelling at less than 55 m.p.h. 

(a) Find the average speed of the cars passing the point. 

(b) Find the proportion of cars that travel at more than 70 m.p.h.  

 

Example 6.14 
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Example 6.15 

 

Example 6.16 

 

Example 6.17 
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Example 6.18 

 

Example 6.19 

 

Example 6.20 
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SELECTED PAST PAPER QUESTIONS 

Question 1 
N13/62/Q1 

 

Question 2 
N12/61/Q3 
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HOMEWORK: NORMAL DISTRIBUTION – VARIANT 62 
1 
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HOMEWORK: NORMAL DISTRIBUTION VARIANT 61 AND 63 

1 

 

 Answer: 4.60 61/J15/1 

2 

 

 Answer: 170 63/J15/2 

3 

 

 Answer : i) 0.718 ii) 28 63/J15/5 

4 

 

 Answer: 54.1 , 2.88 61/N15/2 

5 

 

 Answer: 0.269 61/N15/4 

6 

 

 Answer: i) 9.76 ii) 37 63/N15/4 
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 Answer: 4.30 63/N14/1 Salm
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8 

 

 Answer: i) 0.1014, 0.138, 0.761 ii) 1.06 63/N14/5 

9 

 

 Answer: a) 0.833 ii) 7.74 b) 0.0228 62/N14/5 

10 

 

- Answer: i) 30 or 31, ii) 73.6 iii) 64.2 61/N14/6 
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 Answer: i) 4.24 , 0.167 63/J14/5 Salm
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12 

 

 Answer: 0.537 61/J14/1 

13 

 

 Answer: 7.91, 2.34 61/J14/2 

14 

 

 Answer: i) 0.252 63/N13/2 

15 

 

 Answer: a) 4.31 b) 2.90 or 3.36 63/N13/5 

16 

 

 

Answer:  

61/N13/1 
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19 

 

 Answer: i) 0.0228 ii) 0.0323 61/J13/4 

20 

 

 Answer: i) 3.57 63/N12/1 

21 

 

 Answer: i) 0.0350 ii) 0.471 iii) 103 63/N12/5 

22

* 

 

 Answer: i) 1.93 ii) 0.895 61/N12/3 

23 

 

 Answer: i) 28.4, 3.25 ii) 0.149 iii) 35.1 63/J12/6 
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24 

 

 Answer: 0.729 61/J12/1 

25 

 

 Answer: i) 9.9, 3.15 ii) 317 61/J12/6 

26 

 

 Answer: i) 22.2, 7.40 ii) 0.0967 63/N11/1 

27 

 

 Answer: i) 6.38 ii) 0.864 iii) 0.0171 61/N11/5 

28 

 

 Answer: i) 13.9 ii) 0.829 iii) 0.962  63/J11/5 
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29 

 

 Answer: i) 0.693, 0.545 ii) 3.09  

30 

 

 Answer: Normal, Any sensible values 63/N10/1 

31 

 

 Answer: i) 2.23 ii) 0.654 iii) 0.112  63/N10/7 

32 

 

 Answer: 0.807  

33 

 

 Answer: i) 335 ii) 0.994 61/N10/3 
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34 

 

 Answer: i) 132, 6.29 ii) 0.978 iii) 0.805 63/J10 

35 

 

 Answer: 23.0, 6.70 61/J10/3 
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THE NORMAL APPROXIMATION TO THE BINOMIAL DISTRIBUTION 

 

 

CONTINUITY CORRECTIONS 
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Example 7.1 
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THE PARAMETERS FOR THE NORMAL APPROXIMATION 

 

Example 7.2  

In a sack of mixed grass seeds, the probability that a seed is ryegrass is 0.35. 

Find the probability that in a random sample of 400 seeds from the sack, 

(a) Less than 120 are ryegrass seeds, 

(b) Between 120 and 150 (inclusive) are ryegrass, 

(c) More than 160 are ryegrass seeds. 

 

Example 7.3  

It is given that 40% of the population support the Gamboge Party. One hundred and fifty member of 

the population are selected at random. Use a suitable approximation to find the probability that more 

than 55 out of the 150 support the Gamboge Party.  

 

Example 7.4 

 

Example 7.5 
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Example 7.6 

 

Example 7.7 

 

Example 7.8 
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Example 7.9 

 

MISCELLANEOUS QUESTIONS 

Example 7.5 

A product is sold in packets whose masses are normally distributed with a mean of 1.42 kg and a 

standard deviation of 0.025kg. 

(a) Find the probability that the mass of a packet, selected at random, lies between 1.37 kg and 1.45 

kg. 

(b) Estimate the number of packets in an output of 5000, whose mass is less than 1.35kg. 

 

Example 6.4 

Machine A, used for filling bags with ground coffee, can be set to dispense any required mean weight 
of coffee per bag. At any setting the weight of coffee in a bag can be modelled by a normal distribution 
with a standard deviation of 1.95 g. 
(a) If the machine is set to dispense a mean weight of 128 g of coffee per bag, calculate the percentage 

of bag that contain less than 125 g. 

(b) To meet an official regulation the setting on a machine must be adjusted so that no more than 1% 

of bags contain less than 125 g.  

(i) Calculate the smallest mean weight to which machine A should be set to meet the regulation. 

(ii) Machine B will only just meet the regulation when it is set to dispense a mean weight of 128.5 

g. Assuming that the weight of coffee is a bag filled by Machine B can be modeled by a normal 

distribution, calculate the standard deviation of this distribution. 
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Example 6.5  

It is estimated that, on a average, one match in five in the Football League is drawn, and that one 

match in two is a home win. 

(a) Twelve matches are selected at random. Calculate the probability that the number of drawn 

matches is, 

(i) Exactly three, 

(ii) At least four. 

(b) Ninety matches are selected at random. Use a suitable approximation to calculate the probability 

that between 13 and 20 (inclusive) of the matches are drawn. 

(c) Twenty matches are selected at random. The random variable D and H are the numbers of drawn 

matches and home wins, respectively, in these matches. State, with a reason, which of D and H 

can be better approximated by a normal variable.  
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HOMEWORK: CONVERSION OF DISTRIBUTIONS– VARIANT 62 
1 
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20 
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HOMEWORK: CONVERSION OF DISTRIBUTIONS VARIANT 61 AND 63 

1 

 

 Answer: i) 0.722 ii) 0.595 iii) np>5, nq>5 61/J15/6 

2 

 

 Answer: 0.180 63/J15/3 

3 

 

 Answer: i) 0.809 ii) 28 iii)0.257 iv) np>5, nq>5 63/N15/7 

4 

 

 Answer: i) 0.606 ii) 0.842 iii) np>5 nq>5 62/N14/7 Salm
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5 

 

 Answer: i) 0.184 ii) np>5 and nq>5 63/J14/2 

6 

 

 Answer: i) 9.14 ii) 0.159 61/N13/5 

7 

 

 Answer: i) 31 ii) 0.974 63/J13/4 

8 

 

 Answer: 0.704 61/J13/2 

9 
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 Answer: i) 0.531 ii) 0.136 61/N12/6 

10 

 

 Answer: i) 0.156 ii) 0.0854 63/N11/6 

11 

 

 Answer: 0.794 61/N11/1 

12 

 

 Answer: i) 2.23 ii) 0.654 iii) 0.112 iv) 0.250 63/N10/7 
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13 

 

 Answer: i) 0.311 iii) 0.181 61/J10/5 

14 
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PERMUTATIONS AND COMBINATIONS 

COMBINATIONS 
1. A school council of 6 people is to be chosen from a group of 8 students and 6 teachers. Calculate 

the number of different ways that the council can be selected if 

 

(i) there are no restrictions, 3003        [2] 

(ii) there must be at least 1 teacher on the council and more students than teachers. 1386 [3] 

 
2. A committee of 4 people is to be chosen from 4 women and 5 men. The committee must contain 

at least 1 woman. Calculate the number of different committees that can be formed. 

 
3. A committee of 5 people is to be selected from 6 men and 4 women.  

Find  

(i) the number of different ways in which the committee can be selected, 252 [1]  

(ii) the number of these selections with more women than men. 66 

 
4. A music student needs to select 7 pieces of music from 6 classical pieces and 4 modern pieces. 

Find the number of different selections that she can make if  

a. there are no restrictions, 120        [1]  

b. there are to be only 2 modern pieces included, 36     [2]  

c. there are to be more classical pieces than modern pieces. 100    [4] 

 
5. An examination paper contains 12 different questions of which 3 are on trigonometry, 4 are on 

algebra and 5 are on calculus. Candidates are asked to answer 8 questions. Calculate  

a. the number of different ways in which a candidate can select 8 questions if there is no 

restriction,  495 

b. the number of these selections which contain questions on only 2 of the 3 topics, 

trigonometry, algebra and calculus. 10 

 
6. There are 7 Chinese, 6 European and 4 American students at an international conference. Four 

of the students are to be chosen to take part in a television broadcast. Find the number of 

different ways the students can be chosen if at least one Chinese and at least one European 

student are included. 1841         [5] 

 
7. A committee of 6 people is to be chosen from 5 men and 8 women. In how many ways can this 

be done 

(i) if there are more women than men on the committee, 1008    [4] 
(ii) if the committee consists of 3 men and 3 women but two particular men refuse to be on 

the committee together? 392        [3] 
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PERMUTATIONS OF LETTERS 
1.  

(i) Find the number of different arrangements of the letters of the word MEXICO. 720 

Find the number of these arrangements 

(ii) which begin with M, 120 

(iii) which have the letter X at one end and the letter C at the other end. 48  

Four of the letters of the word MEXICO are selected at random. Find the number of different 

combinations if 

(iv) there is no restriction on the letters selected, 15 

(v) the letter M must be selected. 10  

 

2. . 

(a) Find the number of ways in which all nine letters of the word TENNESSEE can be arranged 

(i) if all the letters E are together, [3] 180 
(ii) if the T is at one end and there is an S at the other end. [3] 210 

 
(b) Four letters are selected from the nine letters of the word VENEZUELA. Find the number of 

possible selections which contain exactly one E. [3] 20 
 
 

3. Find the number of different ways that the 13 letters of the word ACCOMMODATION can be 

arranged in a line if all the vowels (A, I, O) are next to each other. [3] 604800 

 
4. The 11 letters of the word REMEMBRANCE are arranged in a line. 

 

(i) Find the number of different arrangements if there are no restrictions. [1] 1663200 
 

(ii) Find the number of different arrangements which start and finish with the letter M. [2] 
30240 

 
(iii) Find the number of different arrangements which do not have all 4 vowels (E, E, A, E) 

next to each other. [3] 1622880 
 

(iv) 4 letters from the letters of the word REMEMBRANCE are chosen. Find the number of 
different selections which contain no Ms and no Rs and at least 2 Es. [3] 10 
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5.  

(i) Find the number of different ways that the 9 letters of the word AGGREGATE can be 

arranged in a line if the first letter is R. [2] 1680 

 

(ii) Find the number of different ways that the 9 letters of the word AGGREGATE can be 

arranged in a line if the 3 letters G are together, both letters A are together and both 

letters E are together. [2] 120 

 

(iii) The letters G, R and T are consonants and the letters A and E are vowels. Find the 

number of different ways that the 9 letters of the word AGGREGATE can be arranged in 

a line if consonants and vowels occur alternately. [3] 120 

 

(iv) Find the number of different selections of 4 letters of the word AGGREGATE which 

contain exactly 2 Gs or exactly 3 Gs. [3] 12 
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PERMUTATIONS OF DIGITS 
 

1. A 4-digit number is formed by using four of the seven digits 1, 3, 4, 5, 7, 8 and 9. No digit can be 

used more than once in any one number. Find how many different 4-digit numbers can be formed 

if 

 

(i) there are no restrictions, [2] 840 

(ii) the number is less than 4000, [2] 240 

(iii) the number is even and less than 4000. [2] 80 

 

2. A 4-digit number is formed by using four of the seven digits 2, 3, 4, 5, 6, 7 and 8. No digit can be 

used more than once in any one number. Find how many different 4-digit numbers can be formed 

if 

 

(i) there are no restrictions, 840 

(ii) the number is even. 480 

 

3. Calculate the number of different 6-digit numbers which can be formed using the digits 0, 1, 2, 3, 

4, 5 without repetition and assuming that a number cannot begin with 0. 

 

4. The digits of the number 1 244 687 can be rearranged to give many different 7-digit numbers. 

How many of these 7-digit numbers are even? [4] 1800 
 

5. How many different numbers between 20 000 and 30 000 can be formed using 5 different digits 

from the digits 1, 2, 4, 6, 7, 8? [2] 120 

 

6.  
(a)  

i. Find how many different four-digit numbers can be made using only the digits 1, 3, 5 and 6 with 

no digit being repeated. [1] 24 

ii. Find how many different odd numbers greater than 500 can be made using some or all of the 

digits 1, 3, 5 and 6 with no digit being repeated. [4] 28 

iii. Six cards numbered 1, 2, 3, 4, 5, 6 are arranged randomly in a line. Find the probability that the 

cards numbered 4 and 5 are not next to each other. [3] 2/3  

 

7. Find how many different numbers can be made from some or all of the digits of the number 1 

345 789 if 

 

(i) all seven digits are used, the odd digits are all together and no digits are repeated, [2] 720 
(ii) the numbers made are even numbers between 3000 and 5000, and no digits are repeated, 

[3] 60 
(iii) the numbers made are multiples of 5 which are less than 1000, and digits can be repeated. 

[3] 57 
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PERMUTATIONS IN A LINE 
1.  

a. A team of 3 boys and 3 girls is to be chosen from a group of 12 boys and 9 girls to enter a 

competition. Tom and Henry are two of the boys in the group. Find the number of ways in 

which the team can be chosen if Tom and Henry are either both in the team or both not in the 

team. [3] 10920 
 

b. The back row of a cinema has 12 seats, all of which are empty. A group of 8 people, including 

Mary and Frances, sit in this row. Find the number of different ways they can sit in these 12 

seats if 

 

(i) there are no restrictions, [1] 19958400 

(ii) Mary and Frances do not sit in seats which are next to each other, [3] 16632000 

(iii) all 8 people sit together with no empty seats between them. [3] 201600 

  

2. Four families go to a theme park together. Mr and Mrs Lin take their 2 children. Mr O’Connor 

takes his 2 children. Mr and Mrs Ahmed take their 3 children. Mrs Burton takes her son. The 14 

people all have to go through a turnstile one at a time to enter the theme park. 

 

(i) In how many different orders can the 14 people go through the turnstile if each family stays 

together? [3] 829440 

 

(ii) In how many different orders can the 8 children and 6 adults go through the turnstile if no two 

adults go consecutively? [3] 𝟐. 𝟒𝟒 ×  𝟏𝟎𝟗  

 

Once inside the theme park, the children go on the roller-coaster. Each roller-coaster car holds 3 

people.  

 

(iii) In how many different ways can the 8 children be divided into two groups of 3 and one group 

of 2 to go on the roller-coaster? 
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PERMUTATIONS AND COMBINATIONS– VARIANT 62 
1 
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PERMUTATIONS AND COMBINATIONS VARIANT 61 AND 63 

1 

 

 Answer: i) 15120 ii)10080 b)13839 61/J15/7 

2 

 

 Answer: i) 894 ii)10886400 iii)103680 63/J15/7 

3 

 

 Answer:i) 180 ii) 210 iii) 20 63/N15/5 
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4 

 

 Answer: i) 0.222 ii) 0.0165 iii) 0.812 61/N15/7 

5 

 

 Answer: i) 604800 ii) 1841 61/N15/5 

6 

 

 Answer: a) 23328 b) 4920 63/N14/6 

7 

 

 Answer: 1712304 62/N14/1 

8 

 

 Answer: i) 86400 ii) 604800 62/N14/2 Salm
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9 

 

 Answer: i) 1008 ii) 392 iii) 480 61/N14/7 

10 

 

 Answer: i) 720 ii) 1260 iii) 60 iv) 22 63/J14/7 

11 

 

 Answer: i) 360, ii) 48 iii) 3 iv) 8 61/J14/6 Salm
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12 

 

 Answer: i) 1680, ii) 120 iii) 120 iv) 12  

13 

 

 Answer: i) 13580 ii) 288 iii) 240 61/N13/6 

14 
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 Answer: i) 168350 ii) 480 iii) 1440 63/J13/7 

15 

 

 Answer: i) 829440 ii) 2438553600 iii) 560 61/J13/6 

16 

 

 Answer: i) 165 ii) 1800 iii) 120 iv) 0.0585 63/N12/6 
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17 

 

 Answer: i) 1260 ii) 1680 iii) 360 iv) 4920 61/N12/7 

18 

 

 Answer: i) 1680 ii) 15 iii) 20 iv) 56 63/J12/3 

19 
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 Answer: i) 645120 ii) 50803200 iii) 21 iv) 6 v) 51 61/J12/7 

20 

 

 Answer: i) 34836480 ii) 504 iii) 2520  63/N11/4 

21 

 

 Answer: i) 19958400 ii) 362880 iii) 93024 iv) 31104 61/J11/6 
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22 

 

 Answer: i) 84 ii) 2903040 iii) 511 63/J11/2 

23 

 

 Answer: i) 148176 ii) 6930 iii) 6930 61/J11/4 
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24 

 

 Answer: i) 4.36 x 10^10 ii) 17280 iii) 0.0687 63/N10/6 

25 
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 Answer: i) 360 ii) 12 iii) 360 iv) 720 v) 1170 61/N10/6 

26 

 

 Answer: i) 50 ii) 18 63/N10/4 

27 

 

 Answer: i) 512 ii) 151200 iii) 3960 61/J10/6 

28 
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5 Probability & Statistics 1 (for Paper 5)
Questions set will be mainly numerical, and will test principles in probability and statistics without involving 
knowledge of algebraic methods beyond the content for Paper 1: Pure Mathematics 1. 

Knowledge of the following probability notation is also assumed: P(A), A BP ,^ h, P A B+^ h, P(A|B) and the use 
of A′ to denote the complement of A.

5.1 Representation of data

Candidates should be able to: 

 • select a suitable way of presenting raw 
statistical data, and discuss advantages and/or 
disadvantages that particular representations 
may have

Notes and examples

 • draw and interpret stem-and-leaf diagrams, box-
and-whisker plots, histograms and cumulative 
frequency graphs

Including back-to-back stem-and-leaf diagrams.

 •  understand and use different measures of central 
tendency (mean, median, mode) and variation 
(range, interquartile range, standard deviation)

e.g. in comparing and contrasting sets of data.

 •  use a cumulative frequency graph e.g. to estimate medians, quartiles, percentiles, the 
proportion of a distribution above (or below) a given 
value, or between two values.

 • calculate and use the mean and standard 
deviation of a set of data (including grouped 
data) either from the data itself or from given 
totals x/  and x2/ , or coded totals x a−^ h/  
and x a 2−^ h/ , and use such totals in solving 
problems which may involve up to two data sets.

5.2 Permutations and combinations

Candidates should be able to: 

 • understand the terms permutation and 
combination, and solve simple problems 
involving selections

Notes and examples

 • solve problems about arrangements of objects in 
a line, including those involving
 – repetition (e.g. the number of ways of 

arranging the letters of the word ‘NEEDLESS’)
 – restriction (e.g. the number of ways several 

people can stand in a line if two particular 
people must, or must not, stand next to each 
other).

Questions may include cases such as people sitting in 
two (or more) rows. 
Questions about objects arranged in a circle will not 
be included.Salm

an
 Faro

oq
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5 Probability & Statistics 1

5.3 Probability

Candidates should be able to: 

 • evaluate probabilities in simple cases by means 
of enumeration of equiprobable elementary 
events, or by calculation using permutations or 
combinations

Notes and examples

e.g. the total score when two fair dice are thrown.
e.g. drawing balls at random from a bag containing 
balls of different colours.

 • use addition and multiplication of probabilities, 
as appropriate, in simple cases

Explicit use of the general formula 
A B A B A BP P P P, +−= +^ ^ ^ ^h h h h is not required.

 • understand the meaning of exclusive and 
independent events, including determination 
of whether events A and B are independent 
by comparing the values of A BP +^ h and 
A BP P#^ ^h h

 • calculate and use conditional probabilities in 
simple cases.

e.g. situations that can be represented by a sample 
space of equiprobable elementary events, or a tree 

diagram. The use of A B B
A B

P P
P +
=^ ^

^h h
h

 may be 

required in simple cases.

5.4 Discrete random variables

Candidates should be able to: 

 • draw up a probability distribution table relating 
to a given situation involving a discrete random 
variable X, and calculate E(X) and Var(X)

Notes and examples

 • use formulae for probabilities for the binomial 
and geometric distributions, and recognise 
practical situations where these distributions are 
suitable models

Including the notations B(n, p) and Geo(p). Geo(p) 
denotes the distribution in which pr = p(1 – p)r – 1 for
r = 1, 2, 3, … .

 • use formulae for the expectation and variance of 
the binomial distribution and for the expectation 
of the geometric distribution.

Proofs of formulae are not required.
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5 Probability & Statistics 1

5.5 The normal distribution

Candidates should be able to: 

 • understand the use of a normal distribution to 
model a continuous random variable, and use 
normal distribution tables

Notes and examples

Sketches of normal curves to illustrate distributions 
or probabilities may be required.

 • solve problems concerning a variable X, where 
,X N 2+ n v_ i, including

 – finding the value of P 1X x>_ i, or a related 
probability, given the values of x1, n , v .

 – finding a relationship between x1, n  and v  
given the value of P 1X x>_ i or a related 
probability

For calculations involving standardisation, full details 
of the working should be shown. 

e.g. Z
X
v

n
=

-_ i

 • recall conditions under which the normal 
distribution can be used as an approximation 
to the binomial distribution, and use this 
approximation, with a continuity correction, in 
solving problems.

n sufficiently large to ensure that both np > 5 and  
nq > 5.
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8 

PROBABILITY & STATISTICS 
 
Summary statistics 
 For ungrouped data: 

  xx
n
Σ

= , standard deviation 
2 2

2( )x x x x
n n

Σ − Σ
= = −  

 For grouped data: 

  xfx
f

Σ
=
Σ

, standard deviation 
2 2

2( )x x f x f x
f f

Σ − Σ
= = −

Σ Σ
 

 
Discrete random variables 

E( )X xp= Σ ,  2 2Var( ) {E( )}X x p X= Σ −  

 For the binomial distribution B( , )n p : 

  (1 )r n r
r

n
p p p

r
− 

= − 
 

, npµ = , 2 (1 )np pσ = −  

 For the geometric distribution Geo(p): 

  1(1 )r
rp p p −= − , 1

p
µ =  

 For the Poisson distribution Po( )λ  

  e
!

r

rp
r

λ λ−= , µ λ= , 2σ λ=  

 
Continuous random variables 

E( ) f( ) dX x x x= ∫ ,  2 2Var( ) f( ) d {E( )}X x x x X= −∫  

 
Sampling and testing 
 Unbiased estimators: 

  xx
n
Σ

= , 
2 2

2 2( ) 1 ( )
1 1

x x xs x
n n n

 Σ − Σ
= = Σ − − −  

 

 Central Limit Theorem: 
2

~ N ,   X
n
σµ

 
 
 

 

 Approximate distribution of sample proportion: 

(1 )N ,  p pp
n
− 
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THE NORMAL DISTRIBUTION FUNCTION 
 
If Z has a normal distribution with mean 0 and 
variance 1, then, for each value of z, the table gives 
the value of Φ(z), where 
 
 Φ(z) = P(Z ⩽ z). 
 
For negative values of z, use Φ(–z) = 1 – Φ(z). 
 

z 0 1 2 3 4 5 6 7 8 9 
1 2 3 4 5 6 7 8 9 

ADD 
0.0 0.5000 0.5040 0.5080 0.5120 0.5160 0.5199 0.5239 0.5279 0.5319 0.5359 4 8 12 16 20 24 28 32 36
0.1 0.5398 0.5438 0.5478 0.5517 0.5557 0.5596 0.5636 0.5675 0.5714 0.5753 4 8 12 16 20 24 28 32 36
0.2 0.5793 0.5832 0.5871 0.5910 0.5948 0.5987 0.6026 0.6064 0.6103 0.6141 4 8 12 15 19 23 27 31 35
0.3 0.6179 0.6217 0.6255 0.6293 0.6331 0.6368 0.6406 0.6443 0.6480 0.6517 4 7 11 15 19 22 26 30 34
0.4 0.6554 0.6591 0.6628 0.6664 0.6700 0.6736 0.6772 0.6808 0.6844 0.6879 4 7 11 14 18 22 25 29 32

                    

0.5 0.6915 0.6950 0.6985 0.7019 0.7054 0.7088 0.7123 0.7157 0.7190 0.7224 3 7 10 14 17 20 24 27 31
0.6 0.7257 0.7291 0.7324 0.7357 0.7389 0.7422 0.7454 0.7486 0.7517 0.7549 3 7 10 13 16 19 23 26 29
0.7 0.7580 0.7611 0.7642 0.7673 0.7704 0.7734 0.7764 0.7794 0.7823 0.7852 3 6 9 12 15 18 21 24 27
0.8 0.7881 0.7910 0.7939 0.7967 0.7995 0.8023 0.8051 0.8078 0.8106 0.8133 3 5 8 11 14 16 19 22 25
0.9 0.8159 0.8186 0.8212 0.8238 0.8264 0.8289 0.8315 0.8340 0.8365 0.8389 3 5 8 10 13 15 18 20 23

                    

1.0 0.8413 0.8438 0.8461 0.8485 0.8508 0.8531 0.8554 0.8577 0.8599 0.8621 2 5 7 9 12 14 16 19 21
1.1 0.8643 0.8665 0.8686 0.8708 0.8729 0.8749 0.8770 0.8790 0.8810 0.8830 2 4 6 8 10 12 14 16 18
1.2 0.8849 0.8869 0.8888 0.8907 0.8925 0.8944 0.8962 0.8980 0.8997 0.9015 2 4 6 7 9 11 13 15 17
1.3 0.9032 0.9049 0.9066 0.9082 0.9099 0.9115 0.9131 0.9147 0.9162 0.9177 2 3 5 6 8 10 11 13 14
1.4 0.9192 0.9207 0.9222 0.9236 0.9251 0.9265 0.9279 0.9292 0.9306 0.9319 1 3 4 6 7 8 10 11 13

                    

1.5 0.9332 0.9345 0.9357 0.9370 0.9382 0.9394 0.9406 0.9418 0.9429 0.9441 1 2 4 5 6 7 8 10 11
1.6 0.9452 0.9463 0.9474 0.9484 0.9495 0.9505 0.9515 0.9525 0.9535 0.9545 1 2 3 4 5 6 7 8 9 
1.7 0.9554 0.9564 0.9573 0.9582 0.9591 0.9599 0.9608 0.9616 0.9625 0.9633 1 2 3 4 4 5 6 7 8 
1.8 0.9641 0.9649 0.9656 0.9664 0.9671 0.9678 0.9686 0.9693 0.9699 0.9706 1 1 2 3 4 4 5 6 6 
1.9 0.9713 0.9719 0.9726 0.9732 0.9738 0.9744 0.9750 0.9756 0.9761 0.9767 1 1 2 2 3 4 4 5 5 

                    

2.0 0.9772 0.9778 0.9783 0.9788 0.9793 0.9798 0.9803 0.9808 0.9812 0.9817 0 1 1 2 2 3 3 4 4 
2.1 0.9821 0.9826 0.9830 0.9834 0.9838 0.9842 0.9846 0.9850 0.9854 0.9857 0 1 1 2 2 2 3 3 4 
2.2 0.9861 0.9864 0.9868 0.9871 0.9875 0.9878 0.9881 0.9884 0.9887 0.9890 0 1 1 1 2 2 2 3 3 
2.3 0.9893 0.9896 0.9898 0.9901 0.9904 0.9906 0.9909 0.9911 0.9913 0.9916 0 1 1 1 1 2 2 2 2 
2.4 0.9918 0.9920 0.9922 0.9925 0.9927 0.9929 0.9931 0.9932 0.9934 0.9936 0 0 1 1 1 1 1 2 2 

                    

2.5 0.9938 0.9940 0.9941 0.9943 0.9945 0.9946 0.9948 0.9949 0.9951 0.9952 0 0 0 1 1 1 1 1 1 
2.6 0.9953 0.9955 0.9956 0.9957 0.9959 0.9960 0.9961 0.9962 0.9963 0.9964 0 0 0 0 1 1 1 1 1 
2.7 0.9965 0.9966 0.9967 0.9968 0.9969 0.9970 0.9971 0.9972 0.9973 0.9974 0 0 0 0 0 1 1 1 1 
2.8 0.9974 0.9975 0.9976 0.9977 0.9977 0.9978 0.9979 0.9979 0.9980 0.9981 0 0 0 0 0 0 0 1 1 
2.9 0.9981 0.9982 0.9982 0.9983 0.9984 0.9984 0.9985 0.9985 0.9986 0.9986 0 0 0 0 0 0 0 0 0 

 
Critical values for the normal distribution 

 
If Z has a normal distribution with mean 0 and 
variance 1, then, for each value of p, the table 
gives the value of z such that 
 
 P(Z ⩽ z) = p. 
 

p 0.75 0.90 0.95 0.975 0.99 0.995 0.9975 0.999 0.9995

z 0.674 1.282 1.645 1.960 2.326 2.576 2.807 3.090 3.291
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